原子力プラントの炉心核特性計算として規制局で使用される計算方法 by Basma Mahmoud Mohammed Fouad Borai
University of Fukui
Doctoral Thesis
Computational Methodology Used by Regulatory
Body for Neutronic Core Calculations of Nuclear
Power Plant
原子力プラントの炉心核特性計算として規制局で使
用される計算方法
Author: Supervisors:
Basma Mahmoud Mohammed Fouad Borai Prof. Toshikazu TAKEDA
Prof. Masayoshi UNO
A thesis submitted in fulfilment of the requirements
for the degree of Doctor of Philosophy
in the
Reactor Physics
Research Institute of Nuclear Engineering
University of Fukui
Japan
March 2016
i
ii
Abstract
Computational Methodology Used by Regulatory Body for Neutronic
Core Calculations of Nuclear Power Plant
by Basma Fouad
In order to perform sensitivity analyses in light water reactors where self-shielding
effect becomes important, a new method has been developed for calculating sensi-
tivity coefficient of core parameters relative to the infinite-dilution cross-sections
instead of the effective cross-sections, because the conventional method neglects
resonance self-shielding effect. This method considers the change of the self-
shielding factor due to cross-section perturbation by using the intermediate reso-
nance approximation in order to get accurate results in both high and low energy
groups.
In this study, the improved method is applied to calculate sensitivity coefficients
and uncertainties of eigenvalue, reaction rate ratio, and reactivity responses for
three fuel types: UO2 andMOX(ThO2−UO2 and PuO2−UO2) fueled pressurized
water reactor cells. Two types of reactivities are considered: Doppler reactivity and
coolant void reactivity. For each type of reactivity, the sensitivities are calculated
for small and large changes of reactivity.
SRAC-SAINT codes are used to calculate the improved sensitivity; while the
accuracy of the present method has been verified by comparing with MCNP6 and
SCALE codes. For sensitivity calculations, good agreements have been found be-
tween our results and the reference codes. For uncertainty analyses, we found
remarkable differences between JENDL-4.0 and ENDF/B-VII uncertainties cal-
culated by the present method and SCALE results due to the use of different
covariance matrices. The uncertainties of reactivity responses are substantially
greater than the uncertainties of k-eigenvalues and reaction rate ratio. In ad-
dition, the uncertainty of coolant void reactivity is much greater than Doppler
reactivity especially for large changes of reactivity.
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CHAPTER 1
INTRODUCTION
The fundamental objective of nuclear safety is to ensure that under normal and
credible abnormal conditions nuclear facilities are operated in an acceptably safe
manner [1]. The existence of safety margins assure that NPPs operate safely in
all modes of operations at all times. That is, it is necessary to supplement an
uncertainty analysis of the core parameter when determining the safety margin.
In reactor physics field, there are some core characteristics closely related to
safety such as criticality (Keff ), Doppler reactivity coefficient, coolant void re-
activity etc., where sensitivity and uncertainty analyses are excellent tools for
understanding the reliability of these characteristics. In this thesis the core char-
acteristics or core parameters are called output responses, while the cross-sections
are called input parameters.
1.1 Sensitivity and Uncertainty Analyses
In recent years, the interest towards sensitivity and uncertainty (S&U) analyses
techniques for reactor safety applications has increased for achieving high reliabil-
ity of the code systems used.
1
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While a great deal of effort has been expended in developing computational
methods to deal with problems in reactor core physics (they fall into two classes:
stochastic and deterministic), still a major hurdle exists connected with insuffi-
cient knowledge of the neutron cross-sections. Based on the uncertainty in cross-
sections, calculated neutronic core parameters have uncertainty. In the past, many
calculations have been performed for many cores in order to derive information
of uncertainties. But the calculations needs huge data and also time consum-
ing, therefore, sensitivity coefficients methodology has been successfully used to
calculate uncertainties.
Sensitivity coefficients have been used for a variety of purposes such as; sen-
sitivity analysis, uncertainty estimation, design optimization, determination of
accuracy requirements, adjustment of input parameters, and evaluations of the
representativity of an experiment with respect to a reference design configura-
tion [2].
• For sensitivity analysis: Sensitivity coefficients are the key quantities that
have to be evaluated. They are determined and assembled, using different
methodologies, in a way that when multiplied by the variation of the cor-
responding input parameter they will quantify the impact on the output
responses.
• In uncertainty estimation: The sensitivity coefficients are multiplied by the
uncertainties of the input parameters in order to obtain the uncertainty of
the core parameter. The origin and quality of the uncertainties of the input
parameters can be different and vary quite a lot. In some cases, they are
provided by the expert judgment of qualified designer. In other cases more
useful information is available, for instance from error in experimental and
theoretical values. This is the case, for instance, of the covariance matrix for
neutron cross-sections, where correlations in energy and among the different
input parameters (reactions, isotopes) are also provided.
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• Design optimization: Design optimization phases of selected reactor and fuel
cycle concepts will need improved data and methods in order to reduce de-
sign margins, both for economical and safety reasons. The ultimate goal is
a design that has low uncertainties [2]. Industry and utilities want reduced
uncertainties for economical reasons (design and operation), while regula-
tory bodies want “guaranteed margins” that they can trust by enlarging the
respective validation domains.
• Determination of accuracy requirements: It is then important to define which
nuclear data have to be improved in order to quantify the accuracies and to
select a strategy to meet the requirements needed. It must be recognized
that some reactor parameters are more significant than others to accurately
calculate core characteristics such as keff ; where sensitivity studies can be
employed to assess the impact of small deviations in these parameters. If the
calculated keff is especially sensitive to a particular parameter, an error in
that parameter could have a corresponding large contribution to the system,
and so more margin between the operating and safety limits may be needed.
• Adjustment of input parameters: Sensitivity coefficients are also used in in-
put parameter adjustments. In this case, the coefficients are used within a
fitting methodology (e.g., least square fit and Lagrange’s multipliers with
most likelihood function) in order to reduce the discrepancies between mea-
sured and calculational results. The resulting adjusted input parameters can
be subsequently used, sometimes in combination with bias factors, to obtain
calculational results to which a reduced uncertainty will be associated.
• A further use of sensitivity coefficients is, in conjunction with a covariance
matrix, a representativity analysis of proposed or existing experiments. In
this case the calculation of correlations among the reference design and ex-
periments allows to determine how representative is the latter of the former
and, consequently, to optimize the experiments and to reduce their numbers.
Formally one can reduce the estimated uncertainty on a design parameter
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by a quantity that represents the knowledge gained by performing the ex-
periment.
In these studies, we will use sensitivity coefficients for sensitivity analysis and
uncertainty estimation. Generally speaking, sensitivity analysis is referring to de-
termining the connection between the outputs and inputs (if one of the parameters
is perturbed, how will this affect the response?), and uncertainty estimation is re-
ferring to the propagation of input uncertainties to the computed outputs (How
to quantify the uncertainty related to the parameters?). Sensitivity analysis and
uncertainty estimation are denoted by sensitivity and uncertainty analysis or S&U
analysis.
S&U analysis has long been an essential part of the design and operation nuclear
installations for two main reasons. First, simulations are routinely used to ensure
the safety of reactors during normal and off-normal conditions, and inaccurate
predictions from such calculations can clearly have severe consequences. Second,
cross-sections, the basic data for reactor calculations are characterized with sig-
nificantly larger uncertainties than most other physical quantities, such as core
configuration, volume and compositions.
As in recent years regulatory bodies started to shift their licensing approach
from conservatism (i.e. the use of large engineering margins to failure point in
order to make up for hidden or unknown processes) to Best Estimate Plus Uncer-
tainty (BEPU) methodologies [3], where the best possible estimations are made
augmented by rigorous sensitivity and uncertainty analysis, the emphasis on un-
certainties has only intensified. Since most S&U analysis methodologies are either
computationally expensive or involve significant additional modelling and coding
efforts, the development of affordable, accurate and easily applicable S&U analysis
techniques is expected to remain a prominent issue, and is the main topic of this
thesis.
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1.1.1 Conventional Sensitivity Calculation Methods
Due to enormous computing time required by the forward calculation method;
sensitivity coefficients are usually calculated by using the adjoint method which is
based on the perturbation theory [4] for systems where the number of responses
of interest is low compared to the number of inputs. Perturbation theory involves
the solution of the adjoint form of the eigenvalue equation; it has been mainly
adopted in reactor physics where the source of uncertainty is mainly related to the
neutron cross-sections.
Conventional sensitivity coefficients of individual core characteristics such as
keff , power distribution, Doppler reactivity coefficient, and coolant void reactivity
are calculated relative to the effective cross-section changes of each reaction
type (fission, capture, scattering) for many energy-groups. In Japan sensitivity
calculation codes such as SAGEP [5, 6], SAGEP-T [7] and SAINT [8] have been
developed based on the generalized perturbation theory with use of diffusion the-
ory, transport Sn method, and collision probability method, respectively.
1.1.2 Improved Sensitivity Calculation Methods
We have to take care to maintain consistency between multi-group cross-sections
for which covariance data are given and those for which the sensitivity of the
reactor neutronics parameter is calculated. Existing covariance data processing
codes generate covariance data of infinite-dilution multi-group cross-sections. On
the other hand, sensitivities to effective multi-group cross-sections are usually used
in uncertainty analysis. Thus there is inconsistency between these two sets of
multi-group cross-sections. Consequently, when covariance data of infinite-dilution
cross-sections is used in uncertainty analysis (which are generated by existing
covariance data processing codes without any modifications), sensitivities to the
infinite-dilution cross-sections are also used for consistency [9].
In order to apply sensitivity coefficients to thermal reactors, it is important
to consider the effect of self-shielding on cross-sections, and calculate sensitivity
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coefficients relative to infinite-dilution cross-sections because the self-shielding
is dependent on individual fuel cells and fuel assemblies.
However, the conventional sensitivity coefficients are usually calculated by chang-
ing the effective cross-sections. The effective cross-sections are the product of the
infinite-dilution cross-sections and the self-shielding factors. The self-shielding
factor varies with other cross-section changes due to change of the background
cross-section, and the interaction effect has to be considered in estimating the
sensitivities.
1.1.2.1 The self-shielding effect
Generally, the neutron flux at any energy E is defined as the total number of
neutrons passing through a unit area in unit time, or merely the total distance
traveled per unit time by all neutrons of energy E. It is not surprising that
increasing the cross-section, which decreases the average distance that neutrons
travel between collisions, lead to a decrease in the neutron flux. This phenomenon
is referred to as self-shielding, since in terms of resonances it is the increase in
cross-section itself that depresses, or shields the resonance, from the flux.
In the resonance energy range, the cross-sections of many nuclides (especially
heavy nuclides) exhibit a severely varying behavior. Since the peak of a resonance
is often quite high, neutrons at the resonance peak energy are often easily ab-
sorbed by resonance nuclides. In such a case the neutron flux also exhibits very
complicated energetic behavior due to resonance absorption, as shown in figure 1.1.
The neutron absorption rate is obtained as a product of the cross-section and
the neutron flux (Σa × φ), this rate is limited because if the cross-section Σa at
resonance peak becomes large, the flux φ falls, approximately in inverse proportion.
The resonance peak thus appears to be “energetically” shielded from neutrons
around the resonance peak energy. For this reason, the reduction of neutron
absorption around the resonance peak by the above mechanism is referred to as
the energetic self-shielding effect.
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Figure 1.1: Neutron spectrum obtained by ultra-fine energy-groups method.
There is another important shielding effect related to resonance absorption. In
heterogeneous geometry, neutrons that neutron flow from a moderator into a fuel
(i.e., into the resonance region) are captured in the peripheral area, as shown in
figure 1.2. The neutron flux distribution thus shows a profound depression from the
surface to the center part of the fuel near the resonance peak energy. The spatial
variation in neutron absorption becomes very large in the resonance energy range
due to the large resonance absorption cross-section of fuel. This phenomenon is
known as the spatial self-shielding effect, since the resonance material “shields” the
inflow of neutrons, thus reducing the neutron absorption in the resonance material.
Figure 1.2: Space dependency of neutron spectrum in fuel pellet.
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1.1.3 Verification codes
The accuracy of the present method has been checked by comparing our results
with MCNP [10] and SCALE [11] reference codes. MCNP6.1 code is used to
verify the eigen-value sensitivity coefficients only, while SCALE code compares
the integrated sensitivities and uncertainties for all responses (eigen-value, reaction
rate ratio, and reactivity responses).
1.1.3.1 MCNP6.1 code
MCNP code [12](Monte Carlo N-Particle Transport code system) is a general
purpose, continuous energy, generalized geometry, time dependent, and coupled
neutron/photon/electron stochastic transport code. Monte Carlo method is used
to compute the forward and adjoint eigen-value and fluxes, while perturbation
theory is used to calculate sensitivity coefficients.
MCNP6.1 offers two perturbation theory techniques: one is based on the differ-
ential operator (PERT card) and another is based on linear perturbation theory
using adjoint weighting (KPERT and KSEN cards) which is the same as the one
used by TSUNAMI-1D. Both methods have advantages and disadvantages.
• The differential operator technique is based on a Taylor series expansion
and works very well for generalized responses with fixed-source problems.
In eigenvalue problems, however the differential operator methodology may
produce inaccurate results, because MCNP implementation does not account
for the perturbation of the fission source distribution [13, 14].
• The adjoint weighting perturbation methodology invoked by KPERT card
was designed to investigate changes in keff as a result of material substitu-
tion. While the method, in theory, allows for more general perturbations,
it introduces an approximation in the handling of scattering laws that can
lead to large and unacceptable deviations in scattering sensitivities. For this
reason, the KSEN capability, that is more accurate and efficient and easier
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to use than KPERT for this purpose, has been developed. KSEN card has
the ability to compute sensitivities for scattering transfer distribution. In
this thesis, KSEN card is used for calculating sensitivity coefficients.
1.1.3.2 SCALE6.1 code
SCALE code [11](A Comprehensive Modeling and Simulation Suite for Nuclear
Safety Analysis and Design) performs Monte Carlo calculations using KENO code
to compute the forward and adjoint fluxes involved in the sensitivity calculations.
The TSUNAMI-1D control module in SCALE code was designed to calculate the
sensitivity and uncertainties of the eigen-value and reaction rate ratio responses,
however SCALE code uses two modules to calculate the sensitivity coefficients for
reactivity responses, TSUNAMI and TSAR modules. TSUNAMI [15] and TSAR
modules [16] in SCALE code are representative sensitivity calculation tools.
• TSUNAMI-1D control module (Tools for Sensitivity and Uncertainty Anal-
ysis Methodology Implementation in One Dimension), which depends on the
generalized perturbation theory (GPT), is used to obtain the k-eigenvalue
and reaction rate ratio sensitivities taking in to account the implicit effect
of the resonance self-shielding factor.
• TSAR functional module (Tool for Sensitivity Analysis of Reactivity Re-
sponses) computes sensitivities for eigenvalue-difference responses such as
reactivity and worth coefficients, where TSAR reads previously computed
sensitivities for the k-eigenvalue (calculated by TSUNAMI module) at the
two states of the reactor system and combines them to obtain sensitivity
coefficients for the difference.
The sensitivities calculated by TSUNAMI-1D can be expressed as the sum of ex-
plicit and implicit components [17]. The explicit term corresponds to parameters
appearing explicitly in the multi-group neutron-balance equation and can be eval-
uated using conventional eigen-value perturbation theory, while the implicit terms
correspond to parameters that perturb self-shielded multi-group cross-sections [18].
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Finally, SCALE code combines sensitivity coefficients with the nuclear data
covariance file to determine the uncertainty in those responses.
1.1.4 Nuclear data libraries
Different nuclear data libraries are used to investigate the difference between them.
• SRAC-SAINT code: JENDL-4.0 and ENDF/B-VII multi-group (107 energy-
groups) cross-section libraries are used for both sensitivity and uncertainty
analyses.
• MCNP6.1 code: ENDF/B-VII continuous-energy cross-section library is used
for sensitivity analysis.
• SCALE6.1 code: ENDF/B-VII multi-group (238 energy-groups) cross-section
library is used for sensitivity calculations. For uncertainty analysis, ZZ-
SCALE6.0/COVA-44G is used as the covariance data for SCALE code. The
ZZ-SCALE6.0/COVA-44G [19], [20] is based on evaluations from various
sources (including ENDF/B-VII, ENDF/B-VI, and JENDL-3.1).
1.2 Contents and Overview of This Thesis
The objective of this thesis is to derive a new method to calculate the improved
sensitivity which shows the core characteristics changes due to the change of
the infinite-dilution cross-sections. The present method introduces a correction
TERM to the conventional sensitivity coefficient by using the intermediate res-
onance ‘IR’ approximation in order to get accurate results in both high and low
energy-groups. The method was implemented into the SRAC-SAINT code (the
conventional approximation utilized hitherto) with this correction TERM to cal-
culate the improved sensitivities.
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SRAC [21] and SAINT [8] codes are used to calculate the improved sensitivities.
SRAC-SAINT code system is multi-groups (107 energy-groups) neutronics calcu-
lation code based on the collision probability method and calculates sensitivity
coefficients using the generalized perturbation theory. NJOY2012 [22] is also used
to estimate the IR-parameters and the covariance matrices for JENDL-4.0 and
ENDF/B-VII data libraries.
In order to investigate the effect of the improvement; three different types of
PWR fuel cells have been studied: the UO2, Th−MOX(ThO2−UO2), and Pu−
MOX(PuO2 − UO2) fueled cells which have different neutron spectra.
Moreover, sensitivity and uncertainty are calculated for three core responses:
eigen-value, reaction rate ratio, and reactivity responses, to recognize the differ-
ence between them. We also considered two types of reactivities: Fuel tempera-
ture reactivity (Doppler reactivity "DR") which is a very important parameter for
safety and control of light water reactors, and coolant void reactivity (CVR) which
is also an important parameter in loss of coolant accident (LOCA) analysis. For
each reactivity and fuel type small and large changes of reactivity are considered.
The structure of this thesis is as follows:
• In chapter 2, the theory will be discussed, where the collision probability
method, classical and generalized perturbation theory, in addition to the
conventional and improved methods for calculating sensitivities and uncer-
tainties have been derived and explained. More detailed information about
the neutron transport equation are provided in Appendix A.
• In chapter 3, numerical results such as: self-shielding factors, sensitivity
coefficients and uncertainties for three types of fuel cells have been calculated.
Furthermore, S&U analyses for three core responses: eigen-value, reaction
rate ratio, and reactivity responses are investigated by using different nuclear
data libraries.
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• In chapter 4, conclusion and an overall summary of our improved method
and results are discussed.
CHAPTER 2
THEORY
The objective of this chapter is to derive a new method to calculate the improved
sensitivity coefficients which shows the core characteristics changes due to the
change of the infinite-dilution cross-sections. Then these sensitivity coefficients
are multiplied by the uncertainties of the input parameters (covariance matrix) in
order to obtain the uncertainty in the reactor response.
Let’s begin with the Boltzmann Transport equation which describes the neutron
behavior of nuclear reactors.
2.1 The Neutron Transport Equation
Neutronic calculation studies play a very important role in the safety analysis of
nuclear reactors, which is an essential element of the safety review and assessment
process (one of the main responsibilities of the regulatory body). Those studies
involve solving the neutron transport equation to calculate the criticality, power
distribution, reactivities such as Doppler reactivity, coolant void reactivities, etc.
13
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The time-dependent neutron transport equation is given by (derivation is shown
in Appendix A):
[
1
ν
∂
∂t
+ Ω · ∇ + Σt(r, E, t)
]
φ(r, E,Ω, t)
=
∫
4pi
dΩ′
∫ ∞
0
dE ′ Σs(E ′ → E,Ω′ → Ω)φ(r, E ′,Ω′, t)
+
χ(E)
4pikeff
∫
4pi
dΩ′
∫ ∞
0
dE ′ υ(E ′)Σf (E ′)φ(r, E ′,Ω′, t) +
1
4pi
q(r, E, t) (2.1)
This equation is an integro-differential equation having seven-dimensions (three
in space, two in direction, and one each in energy and time) whose solution is not
easy. Due to its complexity, this equation can be solved analytically only for some
very simple cases.
For realistic system with complex geometry and detailed energy-dependence,
numerical approximations are often necessary to solve it. The methods for the nu-
merical solution of the transport equation can be divided into two types: stochastic
and deterministic techniques.
2.1.1 Stochastic method:
The solution method is commonly called a Monte Carlo method, and is based on
a direct simulation of interactions between neutrons and the surrounding matter
by probabilistic laws and employs statistical tools to obtain the expected values
of the quantities of interest. One of the immediate advantages of this approach is
to treat complex geometry, composition, and distribution of nuclei. It is the most
accurate approach that can provide a reference to validate deterministic methods.
On the other hand Monte Carlo method has a statistical uncertainties which vary
as inverse square root with the number of event called neutron histories [23].
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2.1.2 Deterministic method:
Deterministic method plays a fundamental role in reactor core modeling and simu-
lation, it requires solution of Boltzmann transport equation based on the numerical
analysis techniques. Equation (2.1), which is the basis of all the other forms of
transport equations, is an integro-differential equation in seven-independent di-
mensions. Unfortunately, an exact solution needs long computing time, even with
the most modern and powerful computers that we have today, and we must in-
troduce certain simplifying assumptions in order to reduce the dimensions of the
problem. Once we consider introducing simplifying assumptions, we find that
there are a variety of equivalent forms that can be used, each of which leads to a
different method of solving the pertinent equations.
Four deterministic methods are prominently used: the collision probability
method and the method of characteristics, based on the integral form of the
transport equation; the discrete ordinates method, and the spherical harmonics
method, both based on the differential form. Each form has a particular mathe-
matical property facilitating a class of solutions. For example, the integral form
can be applied in complicated, heterogeneous geometries in relatively small regions
such as fuel cells and fuel assemblies.
In the frame of this work, the collision probability method (CPM) is considered
to solve integral-form of the transport equation. In this section, the derivation of
the collision probability method will be discussed.
2.1.2.1 Collision probability method
The integral-form of the transport equation can be written as (see Appendix A):
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φ(r, E) =
∫
V
d3r′
e−τ(r
′→r,E)
4pi|r − r′|2
∫ ∞
0
dE ′
[χ(E)
keff
υ(E ′)Σf (E ′) + Σs(E ′ → E)
]
φ(r′, E ′)
+
∫
V
d3r′
e−τ(r
′→r,E)
4pi|r − r′|2 q(r
′, E)
(2.2)
The collision probability method (CPM), known as first collision probability,
results from the spatial discretization of the integral transport equation (2.2) in
multi-group form, assuming isotropic particle sources. In practice, the energy
range is divided into a number of energy-groups “g” within which the cross-section
can be taken as constant, and the geometry is divided into a number of sub-regions
“i” in which the flux, cross-section, and source can be taken as constant. The result
is
φg,j =
1
VjΣ
g
j
∑
i
ViP
g
ijQg,i (2.3)
where
φg,j =
1
Vj
∫
Vi
d3r φg(r)
Σgj =
1
Vjφg,j
∫
Vi
d3r Σg(r)φg(r)
Qg,i =
1
4pi
[∑
g′
[ χg,i
keff
υΣg
′
f,i + Σ
g′→g
s,i
]
φg′,i + qg,i
]
and
P gij =
1
Vi
∫
Vi
d3r′
∫
Vj
d3r Σg(r)
e−τ(r
′→r,Eg)
4pi|r − r′|2
P gij is the first flight collision probability matrix, it is the probability that a
neutron born uniformly and isotropically in group g and sub-region i will suffer
its next collision in sub-region j. If the total cross-section Σg(r) is constant and
equal to Σgj in region Vj , reduced CPs can be defined as:
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pgij =
P gij
Σgj
=
1
Vi
∫
Vi
d3r′
∫
Vj
d3r
e−τ(r
′→r,Eg)
4pi|r − r′|2
Reduced CPs generally remain finite in the limit where Σgj tends to zero. This
ensures the correct behavior of the collision probability theory in cases where
some regions of the lattice are voided. Other interesting properties of CPs are the
reciprocity and conservation properties, which can be written as
pgijVi = p
g
jiVj
and ∑
j
pgijΣ
g
j = 1
Using the reciprocity property, equation (2.3) can be further simplified to:
φg,i =
∑
j
P gijQg,j (2.4)
The CP method generally proceeds in three steps as follows [24]:
1. A tracking process is applied over the lattice geometry to span a sufficiently
large number of neutron trajectories. In a 2-D domain, the tracking param-
eters are the number of azimuthal angles and the number of parallel tracks
per centimeter. The tracking process is dependent on the energy index g
only if the domain is infinite (i.e., if boundary conditions are not used) and
if the tracks are not cyclic in the lattice.
2. A numerical integration process is required to compute the CPs, using track-
ing information and knowledge of the macroscopic total cross-sections in each
region. This integration should be done for each energy-group, but the pro-
cess is completely parallelizable as there is no interaction between the groups.
Parallelization is greatly facilitated in cases where the same tracking file is
used for all the energy-groups.
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3. Once the CPs are known, the integrated flux can be computed from equa-
tion (2.3) to equation (2.4).
4. The criticality is calculated by using that flux,
keff =
Production
Absorption+ Leakage
=
υΣfφ
(Σf + Σc)φ+ L
2.2 Conventional Sensitivity Calculation Methods
There are two main methodologies developed for sensitivity and uncertainty anal-
ysis:
1. The forward (direct) calculation method based either on the numerical dif-
ferentiation or on a stochastic method (Monte Carlo type); this approach
is preferable when there are few input parameters that can vary and many
output responses of interest.
Forward methods cost = (ns) model runs
2. The adjoint method based on the perturbation theory and employs adjoint
importance functions; this methodology is preferable when there are a limited
number of output responses and a very large number of input parameters
that are uncertain.
Adjoint methods cost = (m.ns− 1) model runs
where
n Number of parameters.
m Number of responses.
s Order of sensitivity information.
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The adjoint methodology has been the one mainly adopted in rector physics, as
the source of uncertainty is mainly related to the neutron cross-sections that can
represent a very notable number of variables (up to several hundred thousand).
Moreover, the linear property of the Boltzmann equation makes the adjoint ap-
proach even more attractive.
The perturbation theory is divided to two types:
1. The Classical Perturbation Theory “CPT” which enables the computation of
critical eigenvalue (keff) sensitivities with respect to nuclear data parameters.
2. The Generalized Perturbation Theory “GPT” which enables performing sen-
sitivity analysis for responses that can be presented as reaction rates, reac-
tivity coefficients, et al.
This development was made possible by a generalization of the perturbation
theory that deals with the general problem of a variation of any type of responses
(eigen-value, reaction rates, reactivity worth, source values, etc.) to any kind of
change of the parameter that characterizes the system.
2.2.1 The classical perturbation theory
2.2.1.1 Sensitivity of eigen-value response
Sensitivity coefficients are commonly determined using first-order perturbation
theory, which uses properties of adjoint functions to determine the change in an
eigenvalue in response to small perturbations in system parameters. Using equa-
tion (2.3), the g-group flux φg,j and adjoint flux φ∗g,j are calculating by solving the
following equations:
φg,i =
1
ViΣ
g
i
∑
j
VjP
g
ji
∑
g′
1
4pi
[
Σg
′→g
s,j +
χg
keff
υΣg
′
f,j
]
φg′,j (2.5)
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φ∗g,i =
1
Vi
∑
g′
1
4pi
[
Σg→g
′
s,i +
χg
′
keff
υΣgf,i
]∑
j
VjP
g′
ji
Σg′,i
φ∗g′,j (2.6)
Note that for eigenvalue problems; the neutron source typically qg,i equals zero.
For simplicity we express the above equations as follows:
(A− λF )φ ≡ Bφ = 0 (2.7)
(A∗ − λF ∗)φ∗ ≡ B∗φ∗ = 0 (2.8)
where
B Boltzmann operator.
A Operator expressing the neutron streaming, collision, and scattering.
F Operator expressing the fission.
λ Lambda-eigenvalue and equal to 1/keff .
φ∗ The adjoint flux or the importance function.
The operators A,F,A∗ and F ∗ are defined by
Agg
′
ij = ∆
gg′
ij −
VjP
g
ji
ViΣ
g
i
1
4pi
Σg
′→g
s,j
F gg
′
ij =
VjP
g
ji
ViΣ
g
i
1
4pi
χgυΣg
′
f,j
A∗gg
′
ij = ∆
gg′
ij −
VjP
g′
ji
ViΣ
g′
i
1
4pi
Σg→g
′
s,i
F ∗gg
′
ij =
VjP
g′
ji
ViΣ
g′
i
1
4pi
χg
′
υΣgf,i
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where ∆gg
′
ij is the Kronecker delta (∆
gg′
ij = 1 for g = g′and i = i′, and =
0 elsewhere). In first-order perturbation theory; a differential perturbation is
introduced into equation (2.7) such that
A′ =A+ δA,
λ′ =λ+ δλ,
F ′ =F + δF,
φ′ =φ+ δφ
Substituting in equation (2.7), we got:
(A+ δA)(φ+ δφ) = (λ+ δλ)(F + δF )(φ+ δφ)
After being multiplied by φ∗ and integrated over space, energy, and angle, the
perturbed equation (2.7) becomes
〈φ∗A φ〉+ 〈φ∗δA φ〉+ 〈φ∗A δφ〉+ 〈φ∗δA δφ〉 = 〈λφ∗F φ〉+ 〈λφ∗δF φ〉+ 〈δλφ∗F φ〉
+〈δλφ∗δF φ〉+ 〈λφ∗F δφ〉+ 〈λφ∗δF δφ〉+ 〈δλφ∗F δφ〉+ 〈δλφ∗δF δφ〉
As its name suggests, first-order perturbation theory assumes that all higher-
order terms are negligible. Discarding these terms gives
〈φ∗A φ〉+ 〈φ∗δA φ〉+ 〈φ∗A δφ〉 = 〈λφ∗F φ〉+ 〈λφ∗δF φ〉+ 〈δλφ∗F φ〉+ 〈λφ∗F δφ〉
Additional terms can be canceled through the property of adjointness (i.e.,〈φ∗(A− λF )φ′〉 =
〈φ′(A∗ − λF ∗)φ∗〉 = 0), the above equation is reduced to
〈φ∗δA φ〉 = 〈λφ∗δF φ〉+ 〈δλφ∗F φ〉
δλ =
〈φ∗(δA− λδF )φ〉
〈φ∗F φ〉
δλ
λ
=
〈φ∗(δA− λδF )φ〉
〈φ∗λF φ〉
Chapter 2. Theory 22
The sensitivity of lambda-eigenvalue ‘λ’ to the effective cross-section ‘σi,j,g’ of
the nuclide i, reaction type j in energy-group g is
Si,j,g(λ) =
dλ/λ
dσi,j,g/σi,j,g
= σi,j,g · 〈φ
∗(δA/δσi,j,g − λδF/δσi,j,g)φ〉
〈φ∗λF φ〉
Note that since λ = 1/keff , then dλ/λ = −dkeff/keff ; then, the sensitivity of
eigen-value response ’keff ’ to the cross-section σi,j,g is defined as [25]:
Si,j,g(keff ) =
dkeff/keff
dσi,j,g/σi,j,g
= − dλ/λ
dσi,j,g/σi,j,g
= −σi,j,g
keff
·
〈φ∗(δA/δσi,j,g − 1keff δF/δσi,j,g)φ〉
〈φ∗ 1
k2eff
F φ〉
(2.9)
Equation (2.9) is known in reactor physics as Classical Perturbation Theory.
Substituting the derivative of equation (2.7) into equation (2.9) we got:
Si,j,g(keff ) = −σi,j,g
λ
· 〈φ
∗δB/δσi,j,gφ〉
〈φ∗F φ〉 (2.10)
2.2.2 The generalized perturbation theory
2.2.2.1 Sensitivity of reaction rate ratio response
In terms of the flux and the adjoint flux calculated from equations (2.5) and (2.6),
the reaction rate ratio R is generally defined as follows [7]:
R =
〈Σ1φ〉
〈Σ2φ〉 (2.11)
where bracket denotes the summations over regions and energy-groups. Taking
the logarithm for both sides of equation (2.11) and then differentiate, we got:
ln R = ln 〈Σ1φ〉 − ln 〈Σ2φ〉
Chapter 2. Theory 23
dR/dσ
R
=
〈dΣ1
dσ
φ〉+ 〈Σ1 dφdσ 〉
〈Σ1φ〉 −
〈dΣ2
dσ
φ〉+ 〈Σ2 dφdσ 〉
〈Σ2φ〉
Using the first-order perturbation theory, the sensitivity of R to cross-section σ
is given by
S(R) =
dR/R
dσ/σ
=
{〈dΣ1
dσ
φ〉
〈Σ1φ〉 −
〈dΣ2
dσ
φ〉
〈Σ2φ〉 +
〈Σ1 dφdσ 〉
〈Σ1φ〉 −
〈Σ2 dφdσ 〉
〈Σ2φ〉
}
· σ
The first and second terms of the above equation are the direct terms expressing
the change of cross-section Σ1 and Σ2 due to the cross-section change dσ. The third
and fourth terms are the indirect terms, and it is very difficult to calculate them
because the third and fourth terms express the contribution of the flux change dφ.
Assuming that the generalized adjoint flux Γ ∗ satisfies
B∗Γ ∗ =
Σ1
〈Σ1φ〉 −
Σ2
〈Σ2φ〉 (2.12)
Using equation (2.12), the sensitivity of R is reduced to
S(R) =
{〈dΣ1
dσ
φ〉
〈Σ1φ〉 −
〈dΣ2
dσ
φ〉
〈Σ2φ〉 + 〈
dφ
dσ
B∗Γ ∗〉
}
· σ (2.13)
From equation (2.7)
Bφ = B∗φ∗ = 0
The flux also satisfies the transport equation even after the cross-section change.
If we express the changes of the Boltzmann operator B and flux φ by dB and dφ,
they satisfy the following equation
(B + dB)(φ+ dφ) = 0
Bφ+Bdφ+ dBφ+ dBdφ = 0
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In the first-order generalized perturbation theory, we neglect the second-order
terms, so the above equation reduced to
Bdφ+ dBφ = 0
where Bφ = 0. By multiplying by Γ ∗ and integrate, we have
〈Γ ∗Bdφ〉 = −〈Γ ∗dBφ〉
dividing by dσ
〈Γ ∗Bdφ
dσ
〉 = −〈Γ ∗dB
dσ
φ〉 (2.14)
Using the property of the adjoint operator, the left side can be written as
〈Γ ∗Bdφ
dσ
〉 = 〈dφ
dσ
B∗Γ ∗〉
Replace the left hand side of equation (2.14)
〈dφ
dσ
B∗Γ ∗〉 = −〈Γ ∗dB
dσ
φ〉 (2.15)
Substituting equation (2.15) in equation (2.13), we get
S(R) =
{〈dΣ1
dσ
φ〉
〈Σ1φ〉 −
〈dΣ2
dσ
φ〉
〈Σ2φ〉 − 〈Γ
∗dB
dσ
φ〉
}
· σ (2.16)
The above equation indicates that once the generalized adjoint flux Γ ∗ is ob-
tained, the sensitivity of the reaction rate ratio response S(R) is easily calculated
because the flux perturbation dφ
dσ
is not necessary and dΣ1
dσ
, dΣ2
dσ
, dB
dσ
is easily evalu-
ated.
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2.2.2.2 Sensitivity of reactivity response
Using the flux and the adjoint flux calculated from equations (2.5) and (2.6),
reactivity worth is defined by the following bilinear function [7]
ρ =
〈φ∗H1φ〉
〈φ∗H2φ〉 (2.17)
The operators H1 and H2 denote −δB and F , respectively, where δ means the
operator change by a perturbation such as control rod insertion and a coolant
voiding. The sensitivity of ρ is given by:
S(ρ) =
dρ/ρ
dσ/σ
=
{
〈φ∗ dH1
dσ
φ〉
〈φ∗H1φ〉 −
〈φ∗ dH2
dσ
φ〉
〈φ∗H2φ〉 +
〈φ∗H1 dφdσ 〉
〈φ∗H1φ〉 −
〈φ∗H2 dφdσ 〉
〈φ∗H2φ〉 +
〈dφ∗
dσ
H1φ〉
〈φ∗H1φ〉 −
〈dφ∗
dσ
H2φ〉
〈φ∗H2φ〉
}
· σ
The first two terms are the direct terms due to the changes of the operators H1
and H2, the third and the fourth terms express the contributions of the change of
flux, and the fifth and the sixth terms express the contributions of the change of
adjoint flux. Similar to the case of reaction rate ratio, the terms expressing the
flux and adjoint flux changes are expressed by the generalized adjoint flux Γ ∗ and
the generalized fluxΓ , respectively:
S(ρ) =
{
〈φ∗ dH1
dσ
φ〉
〈φ∗H1φ〉 −
〈φ∗ dH2
dσ
φ〉
〈φ∗H2φ〉 − 〈Γ
∗dB
dσ
φ〉 − 〈Γ dB
∗
dσ
φ∗〉
}
· σ
where Γ ∗ and Γ satisfy
B∗Γ ∗ =
H∗1φ
∗
〈φH∗1φ∗〉
− H
∗
2φ
∗
〈φH∗2φ∗〉
(2.18)
BΓ =
H1φ
〈φ∗H1φ〉 −
H2φ
〈φ∗H2φ〉 (2.19)
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The calculational procedure to obtain the generalized adjoint flux is almost the
same for the case of the reaction rate ratio. In the similar manner, the generalized
flux is calculated.
2.2.2.3 Sensitivity of eigen-value response
In this case, the operators: H1 and H1 are F and A respectively in equation (2.17).
Therefore the equation for the generalized adjoint flux (2.18) becomes as follows:
B∗Γ ∗ =
F ∗φ∗
〈φF ∗φ∗〉 −
A∗φ∗
〈φA∗φ∗〉 =
λF ∗φ∗
〈φλF ∗φ∗〉 −
A∗φ∗
〈φA∗φ∗〉
=
λF ∗φ∗
〈φA∗φ∗〉 −
A∗φ∗
〈φA∗φ∗〉 =
(λF ∗ − A)φ∗
〈φA∗φ∗〉
=− B
∗φ∗
〈φA∗φ∗〉 = 0
where, A∗φ∗ − λF ∗φ∗ = B∗φ∗ = 0
Therefore Γ ∗ = 0, in the similar way, Γ = 0, and the sensitivity of keff equal
S(keff ) =
dkeff/keff
dσ/σ
=
{
〈φ∗ dF
dσ
φ〉
〈φ∗Fφ〉 −
〈φ∗ dA
dσ
φ〉
〈φ∗Aφ〉
}
· σ = −σ
λ
· 〈φ
∗ B
dσ
φ〉
〈φ∗F φ〉
This corresponds to the commonly used expression of the classical perturbation
theory equation (2.10). Thus, for multiplication factor, there is no need to calcu-
late Γ ∗ and Γ , and the classical perturbation theory can be used instead of the
generalized perturbation theory.
2.3 Improved Sensitivity Calculation Method
Sensitivity coefficients of individual core responses such as keff , reaction rate ra-
tio, Doppler and coolant void reactivities are usually calculated by changing the
effective cross-sections, this is the conventional sensitivity discussed in section 2.2.
Chapter 2. Theory 27
In this section, we will drive a new method to calculate the sensitivity which
shows the core characteristics changes due to the change of the infinite-dilution
cross-sections. The present method introduces a correction TERM to the con-
ventional sensitivity. Therefore, the conventional approximation utilized hitherto
with this correction TERM can be used to calculate the improved sensitivities.
2.3.1 Sensitivity of eigen-value and reaction rate ratio re-
sponses
Usually the effective cross-sections are calculated by using the Bondarenko self-
shielding factor method, the subgroup method et al [24]. Here the Bondarenko self-
shielding factor method has been used. In that method the effective cross-sections
σ˜ are as the product of the infinite-dilution cross-sections σ and the self-shielding
factors f [23].
σ˜ = f · σ (2.20)
The self-shielding factors depend on the background cross-section and temper-
ature. The background cross-section for nuclide i′ in homogeneous medium is
calculated by the formula [26]:
σbi′ =
1
Ni′
·
∑
k 6=i′
Nk · σkt , (2.21)
where Nk is the atomic number density of light nuclide k and σkt is the microscopic
total cross-section. In heterogeneous medium the background cross-section for
infinite regular lattice is given by
σi
′
b0 = σbi′ +
1
Ni′
· 1− C
1− C + aC · aΣe, (2.22)
where C is the Dancoff factor, Σe is the reciprocal of the fuel diameter, a is
the Bell factor, and σbi′ is the homogeneous background cross-section defined by
equation (2.21).
Chapter 2. Theory 28
The sensitivity coefficient is defined by the relative change of the core char-
acteristics due to the relative change of the cross-section. Here we consider the
following two sensitivities, the sensitivity which is due to the relative change of
the infinite-dilution cross-sections S, and the approximate sensitivity S˜ which is
due to the relative change of the effective cross-sections
S =
dR/R
dσ/σ
and
S˜ =
dR/R
dσ˜/σ˜
where “R ”is the core response; keff or reaction rate ratio. The relative change
of the infinite-dilution cross-sections causes the change of the core responses as
follows:
dR/R
dσ/σ
=
dR/R
dσ˜/σ˜
· dσ˜/σ˜
dσ/σ
S = S˜ · dσ˜/σ˜
dσ/σ
From equation (2.20), the change of the effective cross-section can be expressed
by:
dσ˜ = σ · df + f · dσ
Dividing the above equation by σ˜, one can obtain
dσ˜
σ˜
=
df
f
+
dσ
σ
Therefore, the improved sensitivity is expressed by using the approximate sen-
sitivity as follows:
S = S˜ + S˜ · df/f
dσ/σ
(2.23)
Let us consider the above equation in more detail. Sensitivities and cross-
sections are dependent on nuclides, reaction types (such as fission, capture and
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scattering) and energy-groups. Let us consider the case where there is a perturba-
tion in σ of nuclide i, reaction type j in energy-group g. This perturbation causes
a change in the self-shielding factor f of nuclide i′, reaction type j′ in energy-group
g′. The second term of right hand side of equation (2.23) has to cover the contri-
butions for all nuclides i′, reaction types j′ in energy-groups g′; therefore we have
to take the summation over i′ and j′.
The sensitivity for the nuclide i, reaction type j in energy-group g is given by
Si,j,g = S˜i,j,g +
∑
i′
∑
j′
S˜i′,j′,g ·
df i′j′/f
i′
j′
dσij/σ
i
j
(2.24)
The first term is the direct contribution to S; it can be calculated using the
conventional method (section 2.2) evaluating sensitivity coefficients. The second
term represents the indirect contribution through the change of self-shielding fac-
tor; these coefficients can be calculated as follow:
First, let’s assume that the wide resonance approximation is applied for heavy
nuclides “WR”. The self-shielding effect depends on the neutron spectrum; where
the neutron spectrum for the heavy nuclide i′ is written as
φ(E) ∝ 1
σi′a (E) + σ
i′
b
· 1
E
(2.25)
Equation (2.25) indicates that when σi′a (E) and σi
′
b change by the same fac-
tor, the neutron spectrum remains the same; this shows that the ratio hi′(E) =
σi
′
b /σ
i′
a (E) has the effect on the neutron spectrum, and also on the self-shielding
factor.
Now let us consider the case when there are cross-section perturbations in σi′a (E)
and σi′b , this ratio changes to h′i
′
(E) = σ′i
′
b /σ
′i′
a (E), where superscript ′ indicates
the perturbed cross-sections.
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When the perturbations of cross-sections ∆σij = σ′
i
j − σij are small compared to
σij, so h′i
′
(E) can be written as
h′i
′
(E) = hi
′
(E)
{
1 +
∆σi
′
b
σi
′
b
− ∆σ
i′
a (E)
σi′a (E)
}
(2.26)
Equation (2.26) is interesting; when the relative changes of ∆σi′b /σi
′
b and ∆σi
′
a (E)/σ
i′
a (E)
are the same; h′i′(E) = hi′(E) and therefore, the self-shielding effect remains the
same before perturbation.
The self-shielding effect is dependent on the ratio of σi′b to σi
′
a (E), so the per-
turbed self-shielding factor can be written as:
f i
′
j′(h
′i′) = f i
′
j′(h
i′)+
∂f i
′
j′(h
i′)
∂hi′(E)
· ∂h
i′(E)
∂σi′a (E)
·∆σi′a (E)+
∂f i
′
j′(h
i′)
∂hi′(E)
· ∂h
i′(E)
∂σi
′
b
·∆σi′b (2.27)
Using equation (2.26), equation (2.27) reduces to
f i
′
j′(h
′i′) = f i
′
j′(h
i′) +
∂f i
′
j′(h
i′)
∂hi′(E)
{
∆σi
′
b
σi
′
b
− ∆σ
i′
a (E)
σi′a (E)
}
(2.28)
When there are some heavy resonant nuclides mixed in fuel (indicated by i and
i′) the neutron spectrum in equation (2.25) is replaced by
φ(E) ∝ 1
σi′a (E) +
∑
i 6=i′
N i
N i′ σ
i
a + σ
i′
b0
· 1
E
(2.29)
From equation (2.29) the total background cross-section is
σi′b =
∑
i 6=i′
N i
N i′
σia + σ
i′
b0
Therefore, the change in background cross-section due to cross-section pertur-
bation of heavy nuclides i is
∆σi′b =
N i
N i′
∆σia(1− δii′), (2.30)
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because σi′b0 = 0 for these heavy nuclides.
Substituting equation (2.30) to equation (2.28); the change of the self-shielding
factor of nuclide i′, reaction j′ due to cross-section perturbation of nuclide i, reac-
tion j will be written as
∆f i
′
j′ ≡ f i
′
j′(h
′i′)− f i′j′(hi
′
)
=
∂f i
′
j′(h
i′)
∂hi′(E)
{
Ni
Ni′
∆σia(E)
σi
′
b
(1− δii′)− ∆σ
i′
a (E)
σia(E)
δii′
}
,
where δii′ = 1 for i = i′, and = 0 for i 6= i′.
Therefore, we obtain:
df i
′
j′(h
i′)
dσij(E)
=
∂f i
′
j′(h
i′)
∂hi′(E)
{
Ni
Ni′
(1− δii′)
σi
′
b
dσia(E)
dσij(E)
− δii′
σia(E)
dσi
′
a (E)
dσij(E)
}
=
∂f i
′
j′(h
i′)
∂hi′(E)
dσia(E)
dσij(E)
{
Ni
Ni′
(1− δii′)
σi
′
b
− δii′
σia(E)
}
, (2.31)
where dσia(E)/dσij(E) is usually unity except for scattering reaction: It is zero
for that case.
Usually in reactor codes; the self-shielding factor table (f -table) is described as
a function of the background cross-section only for a relevant nuclide, and the total
cross-section is assumed to be fixed in these tables, therefore ∂f i′j′(hi
′
)/∂hi
′
(E) in
equation (2.31) can be written as:
∂f i
′
j′(h
i′)
∂hi′(E)
=
∂f i
′
j′(h
i′)
∂σi
′
b
· σi′b
∂f i
′
j′(h
i′)/∂σi
′
b is calculated by the finite difference approximation
∂f i
′
j′(h
i′)
∂σi
′
b
=
f i
′
j′(σ
i′
b + ∆σ
i′
b )− f i′j′(σi′b )
∆σi
′
b
Chapter 2. Theory 32
Finally, the coefficient in the second term of the RHS of equation (2.24) is called
TERM and can be written as
df i
′
j′(h
i′)/f i
′
j′(h
i′)
dσij(E)/σ
i
j(E)
WR
=
σij(E)
f i
′
j′(h
i′)
·
{
Ni
Ni′
(1− δii′)− σ
i′
b
σia(E)
δii′
}
· ∂f
i′
j′(h
i′)
∂σi
′
b
, (2.32)
where the superscript “WR” indicates that the wide resonance approximation
is assumed. For the narrow resonance ‘NR’ approximation method, the neutron
spectrum is expressed by
φ(E) ∝ 1
σi′t (E) + σi′b
· 1
E
The absorption cross-section σia(E) is replaced by the total cross-section σit(E),
and therefore Eq. (2.32) will be written as:
df i
′
j′(h
i′)/f i
′
j′(h
i′)
dσij(E)/σ
i
j(E)
NR
=
σij(E)
f i
′
j′(h
i′)
·
{
Ni
Ni′
(1− δii′)− σ
i′
b (E)
σit(E)
δii′
}
· ∂f
i′
j′(h
i′)
∂σi
′
b (E)
. (2.33)
It was found that the ‘WR’ approximation has good agreement at low energy-
groups while the ‘NR’ approximation has good agreement at high energy-groups.
So we decided to use the intermediate resonance ‘IR’ approximation in order to
get precise results in both high and low energy-groups. Therefore Eq. (2.24) is
replaced by:
Si,j,g(R) = S˜i,j,g(R) +
∑
i′
∑
j′
S˜i′,j′,g(R) ·
df i
′
j′(h
i′)/f i
′
j′(h
i′)
dσij(E)/σ
i
j(E)
IR
(2.34)
where
df i
′
j′(h
i′)/f i
′
j′(h
i′)
dσij(E)/σ
i
j(E)
IR
=
(
λi,i′g ·
df i′j′/f
i′
j′
dσij/σ
i
j
NR
)
+
(
(1− λi,i′g ) ·
df i′j′/f
i′
j′
dσij/σ
i
j
WR
)
(2.35)
Equation (2.35) is known as ‘IR’ TERM . Lambda (λi,i′g ) is known as interme-
diate resonance parameter [23] or Goldstein-Cohen parameter which depends on
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the temperature of the resonance isotopes, the background cross-section, and the
fraction of the background cross-section produced by non-hydrogen isotopes [24].
Eq. (2.34) implies that the improved sensitivity S can be obtained by correcting
the approximated sensitivity S˜ relative to effective cross-sections. This correction
was implemented in the sensitivity calculation code SRAC-SAINT to calculate the
sensitivity coefficients of keff and reaction rate ratio.
2.3.1.1 Sensitivity of reactivity response
The reactivity associated with the change in conditions (temperature, coolant
density, etc.) is defined as:
ρ1→2 = ρ2 − ρ1 = 1
keff1
− 1
keff2
where keff1 and keff2 are the k−eigenvalues for two different states. For Doppler
reactivity, there are two states with two different fuel temperatures, while there
are two different coolant void fractions for CVR.
Generally, the sensitivity coefficients for reactivity responses ‘ρ’ can be written
in the same way as Eq. (2.34):
Si,j,g(ρ) = S˜i,j,g(ρ)+
∑
i′
∑
j′
S˜i,j,g(ρ)·
{(
λig ·
df ij/f
i
j
dσij/σ
i
j
NR
)
+
(
(1− λig) ·
df ij/f
i
j
dσij/σ
i
j
WR
)}
,
(2.36)
It is difficult to apply Eq. (2.36) to the sensitivity of reactivity response calcu-
lated from SRAC-SAINT code, because there are two different states and every
state has different self-shielding factor.
Instead of using the sensitivity of reactivity calculated directly from SRAC-
SAINT code, the k−eigenvalues sensitivities for the two cases are first calculated
by using Eq. (2.34) and then the sensitivity of reactivity can be determined as
follow:
Chapter 2. Theory 34
Si,j,g(ρ) =
1
keff2
· Si,j,g(keff2)− 1keff1 · Si,j,g(keff1)
ρ1→2
, (2.37)
2.4 Uncertainty Analyses Calculation Method
Including all reactions, nuclides, pin types, regions and energy-groups; we can
define an overall sensitivity matrix ‘S’ relative to multi-group infinite dilution
cross-sections. Using these sensitivities and the cross-section covariance matrix
‘V ’ , the relative variance of core response ‘R’ can be calculated by [27]
var(R) = σ2R = S(R) · V · S(R)T , (2.38)
where the subscript ‘T ’ denotes transposition, and ‘V ’ is the relative covariance
matrix describing cross-section uncertainties and correlations, which are computed
using NJOY2012 code [22].
The relation between the uncertainties of the k − eigenvalues and reactivity
responses was investigated in reference [28] as follow:
σ2ρ =
(
1
keff1
1
keff1
− 1
keff2
)2
σ2keff1+
(
1
keff2
1
keff1
− 1
keff2
)2
σ2keff2−
 2keff1·keff2(
1
keff1
− 1
keff2
)2
σ2keff1,keff2
(2.39)
where σ2keff1 and σ
2
keff2
are the relative variance of the k − eigenvalues, and
σ2keff1,keff2 is the relative covariance of the two eigen-values. It can be seen from
Eq. (2.39) that whenever the difference in the k-eigenvalues of the two states is
small, the relative variance of the reactivity response is substantially greater than
the individual k-eigenvalue variances. Since this is usually the case for reactiv-
ity changes in the reactor, the relative uncertainties in reactivity responses are
inherently large.
CHAPTER 3
NUMERICAL RESULTS
As mentioned in chapter 1, the objective of this chapter is to investigate the effect
of the improvement in sensitivities by applying the improved method to calculate
sensitivity coefficients and uncertainties for PWR fueled cells. Where three differ-
ent types of PWR fuel cells have been studied: the UO2, Th−MOX(ThO2−UO2),
and Pu−MOX(PuO2 − UO2) fueled cells.
Sensitivities and uncertainties are calculated for three core responses: eigen-
value, reaction rate ratio, and reactivity responses, to recognize the difference
between them. Furthermore, different evaluation of nuclear data libraries and co-
variance matrices are used to study their influences on sensitivity and uncertainty
analysis.
The improvement was implemented in the calculation code SRAC-SAINT to
calculate the sensitivity coefficients and uncertainties of the core responses, while
MCNP6 and SCALE6.1 codes are used as a references.
35
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3.1 Calculation Model
The standard GEN-III PWR fueled pin-cell at hot zero power is used as a calcula-
tion model as shown in figure 3.1 (the cladding is Zircaloy-4). Three types of fuel
cells have been studied:
• For the UO2 case, the 235U -enrichment is 4.85% [29].
• For the ThO2-UO2 case, a cell with 73.20% ThO2-percent (rest of 26.80% is
UO2) and 20% 235U -enrichment was considered [30].
• For the PuO2-UO2 case, the Pu-enrichment is 9.8% [29].
The fuel, clad and water properties are shown in Table 3.1.
Figure 3.1: The standard PWR fueled pin-cell.
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Table 3.1: Data for the standard GEN-III PWR fueled pin-cell.
Region Isotope Density Radius
(atom/cm3) (cm)
U-234 1.166E+19
U-235 1.126E+21
UO2 U-238 2.181E+22
O-16 4.589E+22
Th-232 1.561E+22
U-235 1.130E+21
Fuel Th-MOX U-238 4.471E+21 0.4645
O-16 4.243E+22
U-235 5.349E+19
U-238 2.080E+22
Pu-238 5.646E+19
Pu-239 1.226E+21
Th-MOX Pu-240 5.643E+20
Pu-241 1.918E+20
Pu-242 1.755E+20
Am-241 2.899E+19
O-16 4.620E+22
O-16 3.0828E+20
Cladding Zircaloy-4 Cr-24 7.5866E+19
Fe-26 1.4834E+20 0.536
Zr-40 4.2427E+22
Sn-50 4.8183E+20
Coolant H-1 6.6629E+22 0.7610
O-16 3.3334E+22
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3.2 The Self-shielding Effect
In this section, the self-shielding effect will only be studied for the UO2 case using
the ENDF/B-VII data library to assess the effect of self-shielding changes on the
‘IR’ TERM (the correction term [
df i
′
j′/f
i′
j′
dσij/σ
i
j
IR
] calculated by Eq. (2.35)).
First, the self-shielding factors are calculated using SRAC [21] code for differ-
ent isotopes and reactions. Then the self-shielding gradients with respect to the
background cross-section are calculated, and from Eq. (2.35) all correction terms
are determined. The self-shielding gradients and ‘IR’ TERMs are shown in fig-
ures 3.2∼ 3.7.
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Figure 3.2: U-235 ‘IR’ TERM due to σicapture perturbations.
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The self-shielding gradient (∂f i′j′/∂σi
′
b ) of U-235 capture with respect to the
background cross-section is presented in figure 3.2(a) as a function of energy-group
{where i′ and j′ refer to U-235 and capture reaction, respectively}. Changes in
the background cross-section have a significant impact on the self-shielding in the
resonance energy region of U-235 capture.
Figures 3.2(b∼d) represent the ‘IR’ TERMs of U-235 capture, fission and elastic
reactions, respectively. For each Figure(b∼d), the changes of U-235 self-shielding
are calculated due to perturbations in capture cross-section for each isotope indi-
cated by i {where i refers to U-235, U-238 and O-16, respectively}.
Perturbations in U-235 and U-238 capture cross-sections have opposite influence
on U-235 self-shielding (because of the minus sign in Eq. (2.32) and/or Eq. (2.33)),
while O-16 capture cross-section almost has no effect.
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Figure 3.3: U-238 ‘IR’ TERM due to σicapture perturbations.
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Figure 3.4: O-16 ‘IR’ TERM due to σicapture perturbations.
Figures 3.3(a) and 3.4(a)’s represent the self-shielding gradients of capture cross-
section with respect to the background cross-section for U-238 and O-16, respec-
tively. The self-shielding gradients have the same behavior as U-235, they are large
in the resonance energy region of U-238 and O-16 capture, however U-238 capture
self-shieldings are more sensitive to changes in the background cross-section.
The self-shielding changes of U-238 and O-16 due to perturbations in capture
cross-sections are shown in figures 3.3(b∼d), 3.4(b∼d)’s, respectively. For both
isotopes, changes in the self-shielding are mainly due to U-238 capture perturba-
tions.
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Figure 3.5: U-235 ‘IR’ TERM due to σifission perturbations.
Figures 3.5 and 3.6 illustrate the changes of U-235 and U-238 self-shielding,
respectively due to perturbations in fission cross-sections. As expected, perturba-
tions in U-238 and O-16 fission cross-sections have no effect on the self-shielding
factor.
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Figure 3.6: U-238 ‘IR’ TERM due to σifission perturbations.
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Figure 3.7: O-16 ‘IR’ TERM due to σielastic perturbations.
The changes of O-16 self-shielding due to perturbations in elastic cross-sections
is displayed in figure 3.7. Perturbation in U-235 elastic cross-section has an in-
significant influence because it has a small atomic density.
In general, it is obviously seen from figures 3.2∼ 3.7 that perturbations in U-238
cross-sections seriously disturb the self-shielding factor of all isotopes.
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3.3 Sensitivity Coefficients
SRAC-SAINT code system is used to calculate the conventional approximated
sensitivity coefficients for different isotopes and reactions. After calculating ap-
proximated sensitivities and the ‘IR’ TERMs; the improved sensitivities can be
calculated using Eq. (2.34) and Eq. (2.37).
Calculations are performed in 107 energy-groups and NJOY2012 code [22] was
used to estimate the IR lambda parameters for each isotope and energy-group.
• First, the improved and approximated sensitivity coefficients are calculated
and compared with MCNP6 [10] using ENDF/B-VII library.
• Second, sensitivity coefficients calculated by using JENDL-4.0 and ENDF/B-
VII data libraries are compared.
• Finally, the improved energy integrated sensitivity coefficients are then com-
pared with the SCALE code [11].
3.3.1 Verification with MCNP code
To understand the improvements achieved by our new method; the improved and
approximated sensitivity coefficients should be compared. In addition, the im-
proved and approximated sensitivities are compared with MCNP6 reference code
to verify our method.
However, MCNP6 code can only calculate sensitivity of eigen-value response
by using KSEN card (see chapter 1 section 1.1.3.1). Up till now, there is no
capability in MCNP code to calculate sensitivities of reaction rate ratio or reac-
tivity responses. Therefore, the energy integrated sensitivity coefficients for these
responses will be compared with the SCALE code.
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3.3.1.1 Sensitivity of eigen-value response
In order to investigate the effect of the self-shielding factor; Sensitivity coeffi-
cients for the three different types of fuel cells have been studied: the UO2, Th−
MOX(ThO2 − UO2), and Pu −MOX(PuO2 − UO2) cells which have different
neutron spectra.
a UO2 case
Figure 3.8 shows the eigen-value sensitivities relative to 238U capture cross-
section, where the dashed red line refers to approximated sensitivity, solid blue
line (light one) to improved sensitivity, and the solid black line (thick one) refers
to MCNP6.1 sensitivity.
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Figure 3.8: Eigen-value sensitivity to U-238 capture cross-section for UO2 cell.
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It can be seen that the improved sensitivities are closer to MCNP6 results than
the approximated ones, and also the difference between the improved and approx-
imated sensitivities is very large especially in the resonance energy-groups. The
difference between the improved and approximated sensitivities is the second term
in the right hand side of Eq. (2.34) {
∑
i′
∑
j′
S˜i′,j′,g(R) · df
i′
j′ (h
i′ )/f i
′
j′ (h
i′ )
dσij(E)/σ
i
j(E)
IR
}.
This term represents the indirect contributions through the change of the self-
shielding factor and covers the contributions from all nuclides and reactions, so
the summation of all contributors is the difference between the improved and
approximated sensitivities. The contributors of eigen-value sensitivity to U-238
capture cross-section are shown in figure 3.9, where the letters C, F and E refer
to capture, fission and elastic contributors, respectively.
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Figure 3.9: Contributors of eigen-value sensitivity to U-238 capture cross-
section for UO2 cell.
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The self-shielding resonance effect has a remarkable influence upon the sensi-
tivity to 238U capture cross-section and the main contributor is also 238U capture
self-shielding factor. 235U capture and fission cross-sections have small effect while
other reactions have negligible contributors. The improved method reduces the
absolute value of sensitivity by about 50%. This remarkable effect is seen in the
resonant energy range.
Figures 3.10 and 3.11 show the eigen-value sensitivity coefficients relative to
the 235U capture and fission cross-sections, respectively. For these isotopes, the
improved and MCNP6 sensitivities are not so close, but generally it can be seen
that the improved sensitivities are near to MCNP6 for most energy-groups.
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Figure 3.10: Eigen-value sensitivity to U-235 capture cross-section for UO2
cell.
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Figure 3.11: Eigen-value sensitivity to U-235 fission cross-section for UO2 cell.
Compared to 238U capture, the difference between the improved and the ap-
proximated results is not so large, because the 238U capture, 235U fission and
captures contributors are in opposite direction so they cancel each other as seen
in figures 3.12 and 3.13 for 235U capture and fission cross-sections, respectively.
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Figure 3.12: Contributors of eigen-value sensitivity to U-235 capture cross-
section for UO2 cell.
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Figure 3.13: Contributors of eigen-value sensitivity to U-235 fission cross-
section for UO2 cell.
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b Th-MOX case
Figures 3.14 and 3.15 show the eigen-value sensitivities relative to 232Th and
238U capture cross-sections, respectively.
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Figure 3.14: Eigen-value sensitivity to Th-232 capture cross-section for Th-
MOX cell.
For Th-MOX fuel cell; the improved sensitivity coefficients are closer to MCNP6
results than the approximated ones, but they are not so close compared to UO2
case. Therefore, the contributors of those differences between improved and ap-
proximated sensitivities to 232Th and 238U capture cross-section are checked in
figures 3.16 and 3.17, respectively.
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Figure 3.15: Eigen-value sensitivity to U-238 capture cross-section for Th-
MOX cell.
In general, the sensitivities to 238U capture cross-section are less than that for
the UO2 case because of lower atomic densities of 238U . Although the sensitivities
to the 238U and 232Th capture cross-sections are negative, the contributions of the
238U capture cross-section is positive, but that of the 232Th capture cross-section is
negative; consequently the overall differences between improved and approximated
sensitivities are smaller than the UO2 case. With contrast to the UO2 case, the
238U capture cross-section is not the dominant contributor.
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Figure 3.16: Contributors of eigen-value sensitivity to Th-232 capture cross-
section for Th-MOX cell.
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Figure 3.17: Contributors of eigen-value sensitivity to U-238 capture cross-
section for Th-MOX cell.
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c Pu-MOX case
For the PuO2-UO2 case, PWR cell with 9.8% Pu-enrichment [29] was considered.
figure 3.18 shows the eigen-value sensitivities relative to 238U capture cross-section,
the similar trend is seen for the 238U capture cross-section as in the UO2 and Th-
MOX cases.
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Figure 3.18: Eigen-value sensitivity to U-238 capture cross-section for Pu-
MOX cell.
For Pu-MOX fuel cell, the sensitivities to 238U capture cross-section in low
energy-groups are also less than that for the UO2 cell because of the harder neutron
spectrum. The contributors to improved sensitivities to 238U capture cross-section
are also investigated in figure 3.19.
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Figure 3.19: Contributors of eigen-value sensitivity to U-238 capture cross-
section for Pu-MOX cell.
Contrasting the Th-MOX case; though the 238U and Pu’s capture contributors
are in opposite sides, however 239Pu fission contributor are in the same direction
as 238U capture, thus the total differences between improved and approximated
sensitivities are greater than the Th-MOX case.
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Figure 3.20: Eigen-value sensitivity to Pu-239 capture cross-section for Pu-
MOX cell.
Figures 3.20∼ 3.22 show the eigen-value sensitivities relative to 239Pu, 240Pu and
242Pu capture cross-sections, respectively. In general, the improved sensitivities
for Pu-isotopes capture cross-section are closer to MCNP6.
Chapter 3. Numerical Results 56
-0.012
-0.01
-0.008
-0.006
-0.004
-0.002
0
10
0
10
1
10
2
10
3
10
4
10
5
10
6
10
7
S
en
si
ti
v
it
y
 t
o
  
P
u
-2
4
0
  
ca
p
tu
re
Energy Group (eV)
Approx. 
Improved
MCNP6 
Figure 3.21: Eigen-value sensitivity to Pu-240 capture cross-section for Pu-
MOX cell.
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Figure 3.22: Eigen-value sensitivity to Pu-242 capture cross-section for Pu-
MOX cell.
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For 239Pu fission cross-section, the agreement between SAINT (approximated
or improved) and MCNP6 results is not good for both high and low energy-groups
as illustrated in figure 3.23.
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Figure 3.23: Eigen-value sensitivity to Pu-239 fission cross-section for Pu-
MOX cell.
The code-to-code comparisons (multi-group vs. continuous-energy, etc.) are
very complicated, it would be wrong to declare a priori which code is correct.
They are may be due to the group structure, approximations, and other parameters
used in the SAINT calculation, but the MCNP6 (Monte Carlo) calculation uses
continuous-energy/adjoint weighting perturbation method.
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3.3.2 Verification with SCALE code
So while the verification is not complete when applied to continuous energy-group,
therefore we compared with SCALE multi-group code. 238 energy-groups are used
in SCALE, so the energy integrated (one-group) sensitivity coefficients is only
compared in order to check the accuracy of the present method.
As mentioned in chapter 1 section 1.1.3.2, the SCALE code uses TSUNAMI
control module to calculate the sensitivity and uncertainties of the eigen-value and
reaction rate ratio responses, while TSUNAMI and TSAR modules are used to cal-
culate the sensitivity coefficients for reactivity response. For simplicity, SCALE
code is denoted by TSUNAMI-1D for the eigen-value and reaction rate ratio cal-
culations.
3.3.2.1 Sensitivity of eigen-value response
Figure 3.24 compares the eigen-value integrated sensitivities calculated by the
improved method for UO2, Th-MOX, and Pu-MOX cells by using JENDL-4.0 and
ENDF/B-VII cross-section libraries and TSUNAMI-1D code using ENDF/B-VII;
the sensitivities calculated by TSUNAMI-1D are the summation of the explicit
and implicit sensitivities.
Good agreements are seen between the improved method and TSUNAMI-1D
results. In general, the differences between the improved sensitivities calculated
by using JENDL-4.0 and ENDF/B-VII libraries are very small; it means that using
different libraries does not have a remarkable effect on sensitivity calculations.
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Figure 3.24: The integrated eigen-value sensitivities for UO2 and MOX cells.
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Figure 3.25: Eigen-value sensitivity to U-238 capture cross-section for UO2
cell.
In figure 3.25, the energy profiles of the improved sensitivities to 238U capture
cross-section for UO2 cell calculated by JENDL-4.0 and ENDF/B-VII are com-
pared. There is also no difference between sensitivities calculated by both libraries.
Chapter 3. Numerical Results 61
3.3.2.2 Sensitivity of reaction rate ratio responses
For the reaction rate ratio and reactivity responses, sensitivity coefficients are only
calculated by using the ENDF/B-VII library, because we already found (for the
eigen-value response) that using different libraries has insignificant influence.
Figure 3.26 compares 238Ucapture/235Ufission ratio sensitivities (conversion factor)
calculated by the improved method and TSUNAMI-1D code for UO2 case.
It is seen from figure 3.26 that 238Ucapture and 235Ufission sensitivities are large
because they are the direct reactions on numerator and denominator of the ratio
response.
Figure 3.26: The integrated reaction rate ratio sensitivities for UO2 cell.
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Reaction rate ratio sensitivities for Th-MOX and Pu-MOX cells are shown
in figures 3.27 ∼ 3.28, respectively. (238U, 232Th)capture, and 235Ufission have
large sensitivities for Th-MOX cell, while (238U, 240Pu)capture, and 239Pufission
have large sensitivities for Pu-MOX cell. This is because they represent the di-
rect reactions on numerator and denominator of { 238Ucapture/235Ufission} and {
232Thcapture/
235Ufission} ratios for Th-MOX cell; and { 238Ucapture/239Pufission} and
{ 240Pucapture/239Pufission} ratios for Pu-MOX cell.
Generally, there are agreements between ratio response sensitivities calculated
by the improved method and TSUNAMI-1D results for the UO2, Th-MOX, and
Pu-MOX cases as presented in figures 3.32 ∼ 3.34.
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Figure 3.27: The integrated reaction rate ratio sensitivities for Th-MOX cell.
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Figure 3.28: The integrated reaction rate ratio sensitivities for Pu-MOX cell.
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3.3.2.3 Sensitivity of reactivity response
The improved sensitivities of reactivity S(ρ) are obtained from Eq. (2.37) using
the k-eigenvalue sensitivities S(k) Eq. (2.34), where the approximated k-eigenvalue
sensitivities S˜(k) are calculated by SRAC-SAINT code. The approximated sen-
sitivities of reactivity S˜(ρ) are also obtained from Eq. (2.37) by replacing the k-
eigenvalue sensitivities S(k) by approximated k-eigenvalue sensitivities S˜(k) calcu-
lated directly from SRAC-SAINT code. For simplicity, the improved sensitivities
of reactivity S(ρ) is denoted by sensitivities of reactivity S(ρ) without the word
’improved’.
Two types of reactivities are considered: temperature coefficient (Doppler) re-
activity and coolant void reactivity (CVR). For each type of reactivity, the sensi-
tivities are calculated for small and large changes of reactivity.
a CVR sensitivities
Sensitivities of coolant void reactivities (CVR) are calculated for four reactivities
associated with the change of states, where state 1 corresponds to unvoided coolant
(0% coolant void fraction) while state 2 has 10%, 50%, 90%, or 99% coolant void
fraction.
Figures 3.29 ∼ 3.31 compare the energy integrated sensitivities of CVR calcu-
lated by SAINT and SCALE codes for UO2, Th−MOX, and Pu−MOX cells,
respectively. As can be seen, CVR sensitivities are very much dependent on the
changes of reactivity (10% ∼ 99%): For some reactions sensitivities increase while
for other reactions they decrease. To deeply understand this dependence, let’s
investigate the sensitivity behavior by looking to the sensitivity energy profile for
Pu-239 capture as an example. Figures 3.32 and 3.33 present the CVR sensitivity
profile of Pu-239 capture for Pu −MOX cell with 10% and 99% coolant void
fractions, respectively.
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Figure 3.29: Sensitivities of CVR for UO2 fuel cell.
Figure 3.30: Sensitivities of CVR for Th-MOX fuel cell.
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Figure 3.31: Sensitivities of CVR for Pu-MOX fuel cell.
Unlike the k − eigenvalue sensitivities [31] where sensitivities have only one
sign, the sensitivities of reactivity have positive and negative contributions and
their absolute values depend on the coolant void fraction. When the void fraction
increases (from 10% to 99%) the slowing-down process caused by water scattering
cross-section decreases and the neutron spectrum becomes harder. As a result,
there will be a reduction on thermal neutrons; and consequently the sensitiv-
ity of k − eigenvalue for state 2 decreases at resonance energies. Therefore the
sensitivities of reactivity, which is calculated from the differences between the
k − eigenvalue sensitivities of the two states, increases in negative direction (as
shown in figures 3.32 and 3.33 for 10% and 99% void fractions, respectively) and
accordingly the total integrated sensitivities of Pu-239 capture are also negatively
increased.
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Generally, for capture and fission cross-sections, the integrated sensitivities de-
crease as the coolant void fractions increase (the total absolute values increase
for fission cross-sections), as seen in figures 3.29 ∼ 3.31. Whilst sensitivities to
inelastic scattering increase because an increment on fast neutrons has occurred.
However, the situation of U-238 capture cross-section is different, CVR sensi-
tivities for UO2 and Th−MOX cases decrease as the void fraction increases (as
been expected), but it increases for Pu−MOX case. These changes is caused by
the variation of the spectrum associated with changes in coolant void fraction for
each case. For 0% void fraction state, the neutron spectrum of Pu−MOX case is
relatively harder compared to UO2 and Th−MOX cases because Pu-240 captures
neutrons at the giant resonance of 1.0 eV. Therefore, for Pu−MOX case, when
the void fraction increases the increments of the sensitivity to U-238 capture in
the high energy range overcomes the decreases of the sensitivities in the resonance
energy range.
It is also remarkably observed that there are good agreements between our
improved sensitivities and SCALE results.
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Figure 3.32: Sensitivities of reactivity to Pu-239 capture with 10% coolant
void fraction for Pu-MOX cell.
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Figure 3.33: Sensitivities of reactivity to Pu-239 capture with 99% coolant
void fraction for Pu-MOX cell.
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b DR sensitivities
Sensitivities of Doppler reactivities (DR) are calculated for three reactivities
associated with the change of states, where state 1 corresponds to 700°K fuel
temperature while state 2 has 900°K, 1200°K, or 1500°K fuel temperatures.
Figures 3.34 ∼ 3.36 compare the sensitivities of DR calculated by SAINT and
SCALE codes for the three fuel types.
Figure 3.34: Sensitivities of DR for UO2 fuel cell.
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Figure 3.35: Sensitivities of DR for Th-MOX fuel cell.
Figure 3.36: Sensitivities of DR for Pu-MOX fuel cell.
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As observed in those figures, DR sensitivities are almost constant with changes
in fuel temperature; except to U-238 capture which decreases with temperature
for UO2 and Pu −MOX cases, while it increases for Th −MOX case. For the
Th − MOX cell, the neutron spectrum is very soft compared to the UO2 and
Pu−MOX cells. So, the sensitivity at the low energy range has the large contri-
bution to the integrated sensitivity. The sensitivity at the giant resonance of 6.2
eV is rather large for the large changes of reactivity (700°K - 1500°K) compared
to the small changes of reactivity (700°K - 900°K). The sensitivity is also positive,
so the sensitivity increases as shown in figure 3.35. There are also agreements
between the improved sensitivities and SCALE results.
Conclusion –The results calculated by the present formula were in good agree-
ment with the reference results (MCNP6 and SCALE odes). This agreement shows
the usefulness of the present formula, and show the importance of self-shielding
factors when calculating sensitivity coefficients in light water reactors.
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3.4 Uncertainty Analyses
Uncertainties were calculated by using the sandwich formula ‘Eq. (2.38)’, where
sensitivities were calculated by using the improved method; and JENDL-4.0 and
ENDF/B-VII libraries were used for sensitivity calculations and for covariance data
matrices. The JENDL-4.0 and ENDF/B-VII covariance matrices are computed by
the NJOY2012 code.
3.4.1 Verification with SCALE code
Our results have been compared with SCALE results based on ENDF/B-VII li-
brary in sensitivity calculations, and the ZZ-SCALE6.0/COVA-44G as the covari-
ance data. The ZZ-SCALE6.0/COVA-44G [19], [20] is based on evaluations from
various sources (including ENDF/B-VII, ENDF/B-VI, and JENDL-3.1).
3.4.1.1 Uncertainty of eigen-value response
a UO2 case
Figure 3.37 shows the eigen-value uncertainties for the UO2 cell, where the total
uncertainties and the significant contributors caused by cross-section uncertainty
of individual nuclides are presented.
For the UO2 cell, the total eigen-value uncertainties is about 0.52 %dk/k for
JENDL-4.0 which is almost the same as TSUNAMI-1D result, while it is 0.77
%dk/k for ENDF/B-VII. The differences are due to nuclide-reaction-wise contrib-
utors.
The main contributor to the difference is caused by 235U ν-value; it is 0.26
%dk/k and 0.25 %dk/k for JENDL-4.0 and TSUNAMI-1D, respectively; while it
is 0.59 %dk/k for ENDF/B-VII. Other contributors are almost the same for the
three libraries.
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Figure 3.37: Uncertainties in eigen-value for UO2 cell.
In order to investigate the source of those differences in uncertainties, the rel-
ative standard deviations of JENDL-4.0, ENDF/B-VII and SCALE6.0/COVA-44
libraries are compared as shown in figure 3.38 for 235U ν-fissions.
NJOY2012 was used to estimate the standard deviations and correlation matri-
ces for JENDL-4.0 and ENDF/B-VII, while the covariance data ZZ-SCALE6.0/COVA-
44G was taken from the working cross-section covariance file of SCALE code.
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Figure 3.38: The relative standard deviation for U-235 ν-value.
From figure 3.38 it is seen that there are large differences in relative stan-
dard deviations of 235U ν-value for the three libraries. In the thermal energy
range below 100 eV, the standard deviation is about 0.3% for JENDL-4.0 and ZZ-
SCALE6.0/COVA-44G, while it is about 0.7% for ENDF/B-VII. These differences
cause the large differences of 235U ν-value contributor to uncertainty.
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b Th-MOX Cell
Figure 3.39 presents the total eigen-value uncertainties and the significant con-
tributors caused by cross-section uncertainty of individual nuclides for the Th-
MOX cell.
Figure 3.39: Uncertainties in eigen-value for Th-MOX cell.
For the Th-MOX cell, the total uncertainties are 0.76 %dk/k and 0.44 %dk/k
for ENDF/B-VII and TSUNAMI-1D, respectively. For JENDL-4.0 is very large
compared to UO2 cell; it is about 2.26 %dk/k, this huge uncertainty is mainly due
to the influence of 232Th capture. The 232Th capture relative standard deviations
of the three libraries are shown in figure 3.40.
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Figure 3.40: The relative standard deviation for Th-232 capture.
The standard deviations of 232Th capture at the resonant energy of 20 eV are
about 3.5% and 2.65% for ENDF/B-VII and ZZ-SCALE6.0/COVA-44G, respec-
tively while it is about 28% for JENDL-4.0 which is more ten times larger than
ZZ-SCALE6.0/COVA-44G.
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c Pu-MOX Cell
The eigen-value uncertainties for the Pu-MOX cell are shown in figure 3.41,
where the total uncertainty is about 0.83 %dk/k for JENDL-4.0 and 0.94 %dk/k
for TSUNAMI-1D; while it is only 0.63 %dk/k for ENDF/B-VII.
Figure 3.41: Uncertainties in eigen-value for Pu-MOX cell.
There are significant differences between the nuclide-reaction-wise contributions
using JENDL-4.0, ENDF/B-VII and TSUNAMI-1D, especially for 239Pu ν-value
and 240Pu capture cross-sections as indicated in figures 3.42 and 3.43.
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Figure 3.42: The relative standard deviation for Pu-239 ν-value.
Figure 3.42 shows the standard deviations for 239Pu ν-value. At the resonant
energy of 0.3 eV of 239Pu fission; the standard deviations are about 0.1% and 0.2%
for JENDL-4.0 and ENDF/B-VII, while it is about 1.0% for ZZ-SCALE6.0/COVA-
44G. The large value of the standard deviation for ZZ-SCALE6.0/COVA-44G
reflects the large contribution for 239Pu ν-value as seen in figure 3.41.
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Figure 3.43: The relative standard deviation for Pu-240 capture.
As indicated in figure 3.43, the contribution of 240Pu capture cross-section for
JENDL-4.0 is about three times greater than the two other libraries; the standard
deviation is about 6.0% for JENDL-4.0 while it is only about 2.0% for ENDF/B-
VII and ZZ-SCALE6.0/COVA-44G at the giant resonant energy of 1.0 eV of 240Pu
capture cross-section.
Generally, the eigen-value uncertainty for MOX cells is greater than UO2 cell;
these increases are due to the effects of Th and Pu-isotopes uncertainties.
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3.4.1.2 Uncertainty of reaction rate ratio response
Uncertainties of reaction rate ratio and reactivity responses are calculated by the
SAINT and SCALE codes. In SAINT code, sensitivities were calculated by using
the improved method; and ENDF/B-VII library was used for sensitivity calcula-
tions and for covariance data matrices.
a UO2 case
Figure 3.44 compares 238Ucapture/235Ufission uncertainties calculated by SAINT
(or improved) and SCALE (or TSUNAMI) for the UO2 cell. For this reaction ra-
tio, the total uncertainties are 1.29% and 1.11% for the improved and TSUNAMI,
respectively, and the main contributor is 238Ucapture uncertainty (direct reaction on
numerator) while other reactions have slight effect.
Figure 3.44: Uncertainties in reaction rate ratio for UO2 cell.
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b Th-MOX case
Uncertainties of 238Ucapture/235Ufission and 232Thcapture/235Ufission ratio responses
for Th-MOX cell are shown in figure 3.45. Total uncertainties of 238Ucapture/235Ufission
is about 1.02%, and 238Ucapture is the major contributor in this uncertainty because
it represents the numerator of the ratio.
For 232Thcapture/235Ufission, total uncertainties are 1.34% and 0.98% for the im-
proved and TSUNAMI, respectively, this difference is due to 232Thcapture uncertain-
ties (numerator of reaction ratio) which depend on the covariance matrix used in
both codes (refer to figure 3.40, to check ENDF/B-VII and ZZ-SCALE6.0/COVA-
44G covariance matrices for Th-232 capture). Similar to the UO2 case, other re-
actions have minor contributions (including 235Ufission which is the direct reaction
on denominator).
c Pu-MOX case
Figure 3.46 represents 238Ucapture/239Pufission and 240Pucapture/239Pufission ra-
tio uncertainties for Pu-MOX cell. 238Ucapture/239Pufission total uncertainties are
1.31% and 1.21% for the improved and TSUNAMI, respectively, while total un-
certainties of 240Pucapture/239Pufission are 1.11% and 0.98% for the improved and
TSUNAMI, respectively.
The situation for Pu-MOX case is different, direct reactions on both numer-
ator and denominator of the reaction rate responses have large contributions to
the total uncertainties. 239Pufission which is the direct reaction on denominator
has a considerable contribution in total uncertainty because 239Pufission relative
standard deviation is larger than 235Ufission at resonance energy-groups.
In general, uncertainties of reaction rate ratio responses are little bit greater
than eigen-value uncertainties. In addition, there are difference between SAINT
and SCALE results due to the different covariance matrices used in both codes,
specially Th-232 capture uncertainty in 232Thcapture/235Ufission for Th-MOX cell.
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Figure 3.45: Uncertainties in reaction rate ratio for Th-MOX cell.
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Figure 3.46: Uncertainties in reaction rate ratio for Pu-MOX cell.
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3.4.1.3 Uncertainty of reactivity response
a CVR uncertainty
Uncertainties of coolant void reactivities for the four changes of reactivity are
shown in figures 3.47 ∼ 3.49 for UO2, Puh−MOX, and Th−MOX cells, respec-
tively. In general, the uncertainties increase with the increase coolant void fraction.
Figure 3.47: Uncertainties of CVR for UO2 fuel cell.
For UO2 case: There are small differences between CVR uncertainties calculated
by SAINT and SCALE codes because of the use of different covariance matrices.
The total uncertainties of CVR are approximately 2.6%, 2.9%, 4.6%, and 6.0% for
10%, 50%, 90%, and 99% void fractions, respectively. The main contributor to
that growth in uncertainties is U-238 inelastic scattering.
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Figure 3.48: Uncertainties of CVR for Pu-MOX fuel cell.
For Pu −MOX case: There are little bit differences between CVR uncertain-
ties calculated by SAINT and SCALE codes, especially Pu-239 nubar, due to
using different covariance matrices (see figure 3.42, to check ENDF/B-VII and
ZZ-SCALE6.0/COVA-44G covariance matrices for Pu-239 nubar). Similarly, the
uncertainties increase with void fractions, they are approximately 4.0%, 6.0%,
16.0%, and 20.0% for 10%, 50%, 90%, and 99% perturbations, respectively, where
U-238 inelastic scattering is also the main contributor.
For Th−MOX case: The total uncertainties of CVR also increase with coolant
void fractions, they are approximately 2.0%, 2.15%, 2.9%, and 3.6% for 10%, 50%,
90%, and 99% void fractions, respectively, calculated by SAINT code. The CVR
uncertainties for Th−MOX case have different trends than UO2 and Pu−MOX
cases: There are notable differences between SAINT and SCALE results especially
uncertainties to Th-232 capture and U-235 nubar, these differences are due to the
use of different covariance data (see figures 3.38 and 3.40, to check covariance
matrices for U-235 nubar and Th-232 capture). Also the main contributor to this
uncertainties are U-235 and Th-232 capture, where U-238 inelastic has insignificant
effect because U-238 density in Th−MOX case is very small.
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The total uncertainties of CVR for the three fuel types and four coolant void
fractions are compared in figure 3.50. It can be observed that total relative uncer-
tainties increase as void fraction increases. Furthermore, the relative uncertainties
for Pu−MOX cell are much greater than UO2 and Th−MOX cells.
Figure 3.50: Relative total uncertainties of CVR.
Although Pu − MOX fuel cell has the greatest relative uncertainty but its
absolute value is the smallest one as a result of small reactivity (because the
absolute uncertainty is the product of the relative uncertainty and reactivity).
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b DR uncertainty
Figures 3.51 ∼ 3.53 display uncertainties of Doppler reactivities for UO2, Th−
MOX, and Pu−MOX cells, respectively, for each fuel type there are also three
changes of reactivity.
Figure 3.51: Uncertainties of DR for UO2 fuel cell.
A remarkable observations are seen compared to CVR case. The uncertainties
of Doppler reactivity do not vary with the changes of the fuel temperatures; except
U-238 capture which slightly decrease or increase depending on the variation of
its sensitivity.
In addition, DR uncertainties are notably smaller than CVR uncertainties; that
is because U-238 inelastic uncertainty, which is the main contributor to the CVR
uncertainty, has minor influence on DR uncertainty.
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In figure 3.54, the total DR uncertainties for the three fuel cells and three
changes of reactivity are compared. DR uncertainties calculated by SAINT code
are around 1.55%, 1.2%, and 1.6% for UO2, Th −MOX, and Pu −MOX cells,
respectively. There are also differences between SAINT and SCALE results be-
cause of using different covariance matrices.
Figure 3.54: Relative total uncertainties of DR.
Conclusion –The results showed that using different libraries does not have
a remarkable effect on sensitivity calculations, while it has significant effect on
uncertainty analyses due to the use of different covariance matrices [32, 33]. The
uncertainties of reactivity responses are substantially greater than uncertainties of
k-eigenvalue and reaction ratio responses. In addition, CVR uncertainty is much
greater than Doppler reactivity uncertainty.
CHAPTER 4
CONCLUSIONS
Regulatory body requires that the safety analysis should assure that the adequate
safety margins be maintained at all times. Determination of safety margins in-
cluding considerations of uncertainties is important for regulatory decision making.
Therefore it is needed to have an accurate method for calculating sensitivities and
uncertainties in core parameters.
The method of calculating sensitivity coefficients of neutronics parameters rela-
tive to infinite-dilution cross-sections has been improved by taking account of res-
onance self-shielding effect using the intermediate resonance approximation. This
formula can calculate the sensitivity coefficients using the conventional sensitivity
coefficients and the correction term called TERM .
Using the present formula, one can easily revise the conventional sensitivity
calculation SAINT code. The present formula has been verified by performing nu-
merical calculations in cell geometry and comparing the results with the reference
MCNP6 and SCALE codes.
In order to investigate the effect of the improvement; three different types
of PWR fuel cells have been studied: the UO2, Th − MOX(ThO2 − UO2),
and Pu − MOX(PuO2 − UO2) fueled cells which have different neutron spec-
tra. Moreover, sensitivity and uncertainty are calculated for three core responses:
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eigen-value, reaction rate ratio, and reactivity responses, to recognize the differ-
ence between them. We also considered two types of reactivities: Fuel temperature
reactivity (Doppler reactivity "DR"), and coolant void reactivity (CVR). For each
reactivity and fuel type small and large changes of reactivity are considered.
The most important findings can be summarized as follows:
• For eigen-value response sensitivity, there were some differences between
our results and the MCNP6 results. These differences may be due to the
group structure, approximations, and other parameters used in the SAINT
calculation, but the MCNP6 (Monte Carlo) calculation uses continuous-
energy/adjoint weighting perturbation method.
• Good agreements were seen between our results and SCALE code for the
three core responses. This agreement shows the usefulness of the present
formula, and show the importance of self-shielding factors when calculating
sensitivity coefficients in light water reactors.
• There is no difference between sensitivities calculated by JENDL-4.0 and
ENDF/B-VII data libraries; this means that use of different libraries does
not have remarkable effect on sensitivity calculations.
• For uncertainty analyses, we found remarkable differences between JENDL-
4.0 and ENDF/B-VII uncertainties calculated by the improved method and
SCALE results due to different contributions of individual nuclides. This
indicates that the use of different covariance matrices has significant effect
on uncertainty analyses.
• The uncertainties of reactivity responses are substantially greater than un-
certainties of k-eigenvalue and reaction ratio responses.
• The uncertainty of coolant void reactivity (CVR) is much greater than the
uncertainty of Doppler reactivity.
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• The total relative uncertainty of CVR for Pu −MOX fuel cell is greater
than UO2 and Th −MOX cells, especially for large Coolant void fraction
and the main contributor is U-238 inelastic cross-section uncertainty.
• For Doppler reactivity, the total uncertainties are almost constant for small
or large changes of reactivity (changes in fuel temperature).
Future Work
The method is a general one, and can be applied to PWR assemblies and cores.
In that case, the neutronic core parameters such as keff, power distributions, etc.
are calculated in few-group diffusion theory. So, in the 1st step, it is necessary to
calculate the sensitivity of few-group constants to multi-group microscopic cross-
sections, and in the 2nd step, to calculate the sensitivity of core parameters to
the few-group macroscopic cross-sections. Combining the two sensitivities, the
sensitivities of neutronic core parameters relative to multi-group cross-sections are
obtained.
Furthermore, the developed method can be used by regulatory body for cross-
section adjustment, in that case cross-section adjustment will reduce the uncertain-
ties and having an accurate results. I also want to extend the developed method
to transient and safety problems in future.
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APPENDIX A
THE TRANSPORT EQUATION
A.1 The Time-dependent Transport Equation
The Boltzmann Transport equation can be derived from the fundamental principle
of conservation of neutrons within an arbitrary element of the phase space (Neu-
tron balance). The derivative of neutron density N within the element is equal to
the difference between the production rate and the loss rate.
δN
δt
= [ Production rate ]− [ Loss rate ] (A.1)
The actual reactions that contribute to production or losses depend on the intended
application of the equation. For nuclear reactors, neutrons can be introduced into
the elementary phase space volume by their liberation either from the fissile nuclei
during fission event, or by scattering, or from an external source. On the other
hand, neutrons can leave the elementary volume by leakage through its boundaries
or by collisions with the nuclei inside (either by scattering or absorption).
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δN
δt
=
1
ν
∂φ(r, E,Ω, t)
∂t
drdΩdE
[ Production rate ] = [
χ(E)
4pikeff
∫
4pi
dΩ′
∫ ∞
0
dE ′ υ(E ′)Σf (E ′)φ(r, E ′,Ω′, t)
+
∫
4pi
dΩ′
∫ ∞
0
dE ′ Σs(E ′ → E,Ω′ → Ω)φ(r, E ′,Ω′, t)
+
1
4pi
q(r, E, t)]drdΩdE
[ Loss rate ] = [Ω · ∇ φ(r, E,Ω, t) + Σt(r, E, t)φ(r, E,Ω, t)]drdΩdE
where
N =1νφ
ν Neutron velocity.
φ Neutron angular flux.
χ Neutron fission spectrum.
keff Effective multiplication factor.
υ Average number of neutrons released per fission.
Σf Macroscopic Fission cross-section.
Σs Macroscopic scattering cross-section.
Σt Macroscopic total cross-section.
q An external neutron source.
Introducing the production rate and loss rate into the conservation equation. (A.1),
we get:
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[
1
ν
∂
∂t
+ Ω · ∇ + Σt(r, E, t)
]
φ(r, E,Ω, t)
=
∫
4pi
dΩ′
∫ ∞
0
dE ′ Σs(E ′ → E,Ω′ → Ω)φ(r, E ′,Ω′, t)
+
χ(E)
4pikeff
∫
4pi
dΩ′
∫ ∞
0
dE ′ υ(E ′)Σf (E ′)φ(r, E ′,Ω′, t) +
1
4pi
q(r, E, t) (A.2)
Equation (A.2) is the time-dependent neutron transport equation, also it is called
the linear Boltzmann equation.
A.2 Integral-form of the Transport Equation
The advantage of the integral approach is that the integral form lets us eliminate
the directional variable Ω from the transport equation, which is not possible with
the differential form. The required assumption is isotropic scattering and isotropic
sources. This is a reasonable assumption because neutrons are emitted by fission in
an effectively isotropic manner, and we can treat the anisotropic scattering by using
transport cross-sections instead of the total cross-sections (σtr = (1− µ)σs + σa).
We begin by expressing the time-dependent transport equation (A.2) as:
[
1
ν
∂
∂t
+ Ω · ∇ + Σt(r, E, t)
]
φ(r, E,Ω, t) = Q(r,Ω, E, t) (A.3)
The source Q in equation (A.3) is given by:
Q(r,Ω, E, t) =
χ(E)
4pikeff
∫
4pi
dΩ′
∫ ∞
0
dE ′ υ(E ′)Σf (E ′)φ(r, E ′,Ω′, t)
+
∫
4pi
dΩ′
∫ ∞
0
dE ′ Σs(E ′ → E,Ω′ → Ω)φ(r, E ′,Ω′, t) + 1
4pi
q(r, E, t)
(A.4)
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Figure A.1: Neutron motion along direction Ω.
The integral transport equation is essentially integration along the characteristic
defining the neutron path. If a neutron travels in direction Ω, shown in figure A.1,
between the points specified by vectors r′ and r , the following relationship holds:
r′ = r − sΩ
where s is the magnitude of the vector r − r′. Similarly, if t is the time at
which the neutron traveling along Ω is found at position r, then the neutron passed
through position r′ at the earlier time t′ given by:
t′ = t− s
ν
We now write equation (A.3) with respect to the independent variables (r′,Ω, E, t′):
[
1
ν
∂
∂t′
+ Ω · ∇ + Σt(r′, E, t′)
]
φ(r′, E,Ω, t′) = Q(r′,Ω, E, t′) (A.5)
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where ∇ now operates on r′, and we consider the derivative of the angular flux
with respect to s:
− d
ds
φ(r′, E,Ω, t′) =− d
ds
φ
(
r − sΩ, E,Ω, t− s
ν
)
=−
[
∂t′
∂s
∂φ
∂t′
+
∂r′
∂s
· ∇φ
]
=−
[
∂(t− s
ν
)
∂s
∂φ
∂t′
+
∂(r − sΩ)
∂s
· ∇φ
]
=
1
ν
∂
∂t′
φ(r′, E,Ω, t′) + Ω · ∇ φ(r′, E,Ω, t′)
(A.6)
Substitute equation (A.6) in equation (A.5) we get:
[
d
ds
− Σt(r′, E, t′)
]
φ(r′, E,Ω, t′) = −Q(r′,Ω, E, t′) (A.7)
Further, if we define the optical length τ from r′ to r (i.e., the number of mean
free paths, or the integral of Σt(r, E, t) along the path from r′ to r) as:
τ(r′ → r, E, t′) =
∫ |r−r′|
0
ds′ Σt(r′, E, t′) (A.8)
Equation (A.7) is a first-order ordinary differential equations in s, which can be
solved using the integrating factor method as follow:
d
ds
e−τ(r
′→r,E,t′)φ(r′, E,Ω, t′) =− Σt e−τ(r′→r,E,t′)φ+ e−τ(r′→r,E,t′) d
ds
φ
= e−τ(r
′→r,E,t′)
[
d
ds
− Σt(r′, E, t′)
]
φ(r′, E,Ω, t′)
(A.9)
Substitute equation (A.9) in equation (A.7):
d
ds
e−τ(r
′→r,E,t′)φ(r′, E,Ω, t′) =− e−τ(r′→r,E,t′)Q(r′,Ω, E, t′)
Integrating both side between 0 and s and assume we know Q(r′,Ω, E, t′):
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e−τ(r
′→r,E,t′)φ(r′, E,Ω, t′)
∣∣∣∣∣
s
0
=−
∫ s
0
ds′ e−τ(r
′→r,E,t′)Q(r′,Ω, E, t′)
e−τ(r
′→r,E,t′)φ(r′, E,Ω, t′)− φ(r, E,Ω, t) = −
∫ s
0
ds′e−τ(r
′→r,E,t′)Q(r′,Ω, E, t′)
(A.10)
Rearrange equation (A.10) and using the mean free path in equation (A.8), we
get:
φ(r, E,Ω, t) = φ(r′, E,Ω, t′)e−τ(r
′→r,E,t′) +
∫ |r−r′|
0
ds′e−τ(r
′→r,E,t′)Q(r′,Ω, E, t′)
(A.11)
Equation (A.11) represents the most general form of the integral transport equa-
tion for the angular flux. The complexity of the integral equation is greatly re-
duced, and its utility greatly enhanced, when scattering is isotropic and a
steady state is assumed. Under these conditions, equation (A.11) can be reduced
without approximation to an integral equation for the scalar flux. To show this, we
observe that the source Q given by (A.4) becomes independent of Ω and simplifies
to:
Q(r, E) =
χ(E)
4pikeff
∫ ∞
0
dE ′ υ(E ′)Σf (E ′)φ(r, E ′)+
1
4pi
∫ ∞
0
dE ′ Σs(E ′ → E)φ(r, E ′)+ 1
4pi
q(r, E)
(A.12)
Further, assuming a free surface condition, i.e., φ(r′, E,Ω) = 0 and a homoge-
neous medium, the steady state integral equation (A.11) becomes:
φ(r, E,Ω) =
∫ |r−r′|
0
ds′e−τ(r
′→r,E)Q(r′, E)
Integrating over Ω,
φ(r, E) =
∫
4pi
dΩ
∫ |r−r′|
0
ds′e−τ(r
′→r,E)Q(r′, E) (A.13)
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where φ(r, E) is the scalar, or angularly integrated flux, defined by:
φ(r, E, ) =
∫
4pi
dΩφ(r, E,Ω)
Representing the differential volume element, d3r′ = s′2dΩds′, equation (A.13)
becomes:
φ(r, E) =
∫
V
d3r′
e−τ(r
′→r,E)
|r − r′|2 Q(r
′, E) (A.14)
Substituting equation (A.12) into equation (A.14), we obtain the final result:
φ(r, E) =
∫
V
d3r′
e−τ(r
′→r,E)
4pi|r − r′|2
∫ ∞
0
dE ′
[χ(E)
keff
υ(E ′)Σf (E ′) + Σs(E ′ → E)
]
φ(r′, E ′)
+
∫
V
d3r′
e−τ(r
′→r,E)
4pi|r − r′|2 q(r
′, E)
(A.15)
This form of the integral equation, which has the scalar flux as the unknown,
represents the fundamental neutron transport equation for a 3-D medium with en-
ergy dependence and is especially appealing in the multiple collision approximation
when absorption dominates. One can also numerically solve equation (A.14) or
(A.15) through collision probability methods to find fluxes for cross-section ho-
mogenization.
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